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A Training Course 

For Mathematics Teachers 

in Elementajty Grades 



Gerald Chachem, Ph.D., and 
Tepper Gill, PKD. 

Students often approach problem solving in 
mathematica with a sense of fear, rather than 
exploration. Th^y however, overcome this 
fear and develop competence in mathematics if 
their teachers understand some of the concep- 
tual, technic^, and pro^ss issues that serve as 
barriers to learning. 

ITie following material is not presented as a 
seltstudy manual. It is a guide for instructors 
who are offering teachers in eleinentary ^ades 
a deeper understanding of important mathe- 
matica] rules and principles. It shows how ex- 
ploring these rules and principles can lead 
teachei^ to discover many relationships be- 
tween numbers^ be^ning mih number theory, 
then expanding the discussion to number sys- 
tems, probability and statistics, and geometry. 



Number Theory 



Number theory expresses the basic relation- 
ships between counting numbers. 

DIvlsibilHy Factors and Multiples 

DEFlNrnON 1: A counting number n is 
divisible by a counting number s "if and only if 
there is a counting number such that* 
n ^ sxk. 



DEFINrnON 2: If the counting number n is 
divisible by then we call j a factor of and 
we caU n a multiple of $, Furthemore, a count- 
ing number is said to be dimible by another 
counting number ifj on division, the remainder 
is ^ro. 

OBJECnVES: To ieam how io factor a givm 
number, how to Memine if a ffvm number is 
or is not a multiple of another number, and how 
to determine if a number is or is not divisible by 
another number^ 



Problems 



NOIE" T^e first step in solving a problem is 
to restate the definition. In Problem A, for ex- 
ample, we must find and we can restate the 
problem as 24 — 8 xfc In Problem B, we must 
find all pairs s and Jt, so that U ^ sxk. 



Problems for Definition 1% 

Ap Is the number U divisible by 8? 

B* Wiat are all the numbers by which 24 is 
di^sible? 



Problems for Dennltlon 2% 

A. Discover some general properties of all 
numbers diwsible by 2, 4, 3, 5, 6, 7 or 11. 
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B* Study the multipliQatioti table tor 9 and 
diacaver some of its propertiei, 

C. Study ttie dmaibUity of the sums and 
products of consecutive counti^ nuaibers* 

Prime Ntimbeim and 
Prime Faetorizitian 

A prime sumbar to a counting number that 
has only two factori* Any number ^eater than 
1 that is not prime to called a compoiite num- 
ber. Q^OTBi ITie number 1 to neither prime 
nor composite.) 

OBJECnmS: To Imow the d^nition of 
prime numbers^ to learn how to clt^sify a num- 
her ffs a prime or composites number^ m^d to find 
the prime factors of any numbm 



Problems 



A, Find the factors ^f 1547 and tlic factors of 
13^ Are they prime? 

B. Study - /I + 41 for - 1, up to 40, 
and dtocuss their relationship to prime numbersp 

C A fundamental theorem of arithtneUc to 
that every compoiite number may be e^ressed 
uniquely as a product of prime factors, if the 
order of the factors to dtoregarded. Dtocuss 
thto statement md coastnict^ 1) the sieve of 
Erathosthenes; and 2) factor trees. 

D, Show that the number of primes is infinite 
and discuss Fennat nunibersp 



Greatest Oomman Faotor and 
Least Common Multiple 

DEPINmON 1: A common ractor of two 
numbers n and m to any number k which is a 
I factor of both. Thm gtmUBt common factor 
(GCF) to the Ingest number k which to a factor 



of both n and m. The GCF is sometimes called 
the pmtest common divisor (GCD), 

DEraOTnON 2: A least common multiple 
(LCM) of ^o numbers n and m to the smallest 
number that to a multiple of both m and n. 

TTie LCM to also known as the least common 
denominator (LCD), when it simplifies the ad= 
dition or subtraction of two or more fractions^) 

OmE^imS: I To find the ffeaiest com- 
mon factor and use the concept of GCF to 
F^duce a fraction to its lowest temts; and Z to 
find the least common multiple and use the 
LCM to simplify the addition of fractions. 



Proble?ns 



Froblemi for Definition U 

A. Find the GCF of 60 and 5280; 5^ and 155, 

B. Reduce to their lowest terms =60/168; 
112/480. 

C. Show that there is a systematic process for 
reducing fractions and for simplifying them. 

Problems for Deflnttlon 2i 

A. Fmd the LCM of 6 and 9; 3S50 and 5280; 
1^ 18 and 20, 



B. Simplify the folldwing- 

JL ^ ; l_l; 1 + 1; 
5280 3850 3 2 4 6 

2 + (2 + 2 ) 

3 M - 8- 

C* Also study deficient numbers, perfect num- 
bers, and abundant numbers^ 
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Number Systems 



A num^r ^tem consists of a set of numbers 
and one or more binary operations^ 

The binai^ operations are addition (4-), sub- 
traction ('% miiltipUration (x)^ and ^vision 
(-1-). They are used to combine too elements 
of a set so as to form a third element of the 
same set^ 

A number intern ean be closBd^ or it can 
have associative^ commutative^ identity^ invers^j 
or disMbutive properties. 

The following Uat contains possible properties 
of a number system^ with S the set of numbers 
and (*) or (#) the binary operations on S. 

1. (5j*) is closed if e*5 is in 5, when a and b 
are inS^ 

2. (5,*) is associative if (a^b)*c ^ fl*(d*c), 
vAen a, and c itf e in 

3. is*) is commutative if a*b ^ b^a, when a 
and b are in $^ 

4 (S*) has an identity if e is in and a^s 
= e*a ^ whenever a is in 5. 

5, Assuming (S*) has the identic property^ b 
in 5 is she (*)-lnvOTe of in 5, if a^b^ b*a 
— the identity element of (5^*), 

6. In * is distFibutive over # in 5 if 
a^(b#c) ^ (a^b)0(fl*c% when a, b, and c are 
inS. 

There are iJso more general mathemati^l k^b- 
tems, i.e.f sptems in which S is a family of sub- 
sets. 



Propailias of Whole and 
Counting Numbers 

numbet^ are the numbers 0, 1^ 2, 3, 
etc., represented by the letter Counting 



Buoitet^, ^o ^ed natural numbers^ are 0, 1, 
% % etCj and can be desipiated by M 

OBJECWm: To demonstrate which pmpef^ 
ties holdf do not hold, or do not apply in N and 
W, utilimng binoiy opemtions +, ^ and^. 




A* Which properties hold, do not hold, or do 
not apply to the foUomng number s3^tems* 

(M+) (ATpc) (M-)arid(M+) 
W+) iWr) (PFr)and(W,H-) 

B, For which number sptems, involving oidy 
N and does the distributive property hold? 

Propartles of ^ntagsrs 

Similarly, assume that Z represents a set of in- 
tegers (e.g, .2, -1, 0, 1, :^ 3,.0 



Problems 



A, \V^icA pr^erties hold, do not hold, and 
do not apply to- (Z,+) (Zpi) (2,=) and (Z, 4^)? 

B. Whi^ elements of Z have (*)^mverses 
where * can be +, or ^1 

For which number ^sterns does it make 
sense to ask such a question? 

Propertlas of Rational Numbefs 

Similarly, assume that Q represents a set of ra- 
tional numbers or fraction^ i,e., the set of num- 
bei^ of the fonn a/b^ where a and b are in- 
teg^s but b - mro. 
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Problerm 



A. Which pfo^rties hold, do not hold, and 
do not apply to: (Q, + ) (Qpc) (Q,.) and 

B. Which elements of Q have (*)-inveries 
where * ^in be any of the usual operationa? 

C. Let S equal the set of positive rational 
numbera (Le, numbers peater than zero), 
^^at properties does (5pc) have? 



Proptrtlas of Intagers In 
Modular ArKhmatic 

We wiU concentrate here only on integers for 
mod 5. The set may be denoted as: 

The modular operations are © ® © and 
@, coiTesponding to x, and 4-, as follows: 

a®b ^ Csif a + bdi^dedbyS 
has remainder c. 

a®b ^ Cj if a X b divided by 5 
has remainder c. 

a0b^ if c is the unique element 
in is, such that a ^ c © b* 

a©b ^ c, if c is the unique dement 
in such that a ^ c^b. 



ProbUms 



A. If a and b are in then calculate if pos- 
sible^ the koUov^g: 

a © b, a®b, a©b, and a©b, 

B. If c is in ^culate the ©-inverse of c 
and the Q inverse of c. 



C, Demonstrate which properties hold, do not 
holdy and do not apply to Zs ^th the modular 
operations. 

D, Make a table for each of the foUo^ng sys- 
tems 

(a,©) (%,®) (^©) mm 

Let -c denote the © -inverse of ^ and let 
c'^ denote the ©-inverse of c. For each mem- 
ber c of Zj find (if possible) both -c and c'-^ 

R Decide which properti^ hold, do not hold, 
and do not apply for the systems listed above, 

G, For which modular sj^tems with two 
operations does the distributive property hold? 

Propartfas of Subsats with 
Union and Intarsa^lon 

Tlie term subset ^rpresses the relationship be= 
toeen sets. For example, let A and B be sets, 
is a subset of 5, if every member of ^ is a 
member of B (although every member of B 
may not necessarily be a member of A), The 
union of ^ and B is the set composed of all the 
members of^ or 5, or both^ and B. Union is 
denoted AUE (pronounced cup B"). The In- 
tellection of A and J is the set containing all 
members that belong to both A and B. Inter- ' 
section is denoted AHB (^A cap B"), 

Assume that a set of numbers is represented 
by K In other words, V ^ {12 3 4}. Let Paw 
denote the subsets of K {Pow stands for the 
power set of V.) Thus, the family members of 
Pow could be denotedi 

0 =.{} 

{1}, {2}, {3}, {4} 

{12}, {13}, {14}, {2 3}, {2 4}, {3 4} 
{12 3}. {12 4}, {13 4}, {23 4} 
{12 34} 

Pow wth U and n is a non-number mathe- 
matical sptem, and each element of Pow can 
be given a simple name. For example: 

Let ^ = {1}, B = {2}, C= {3}, and D = {4}. 
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Then let E^{1 2}, F^{1 3}, 4}, 

^yjo let ^-{1 2 3K £-{1 2 4}, {1,3,4} 

Therefore, RJH ^ ^; FnH ^ O 
and inF = O. ' 

OBJECIJI^S: To show what propmies hold, 
do not hold, and do not appfy to the ^sterns 
(PmUX (Pow.n) and (PQWjJ,n); to htow the 
identify element for each operation; and to htow 
which operation is distHbuted over the other. 



Problem 



ems 



A. Make a table for (Fow.U) and (Pow,n). 

B. If 5 k in Fow, then let be all the ele- 
ments in Fbiit not in 5, We caU 5' the complex 
ment of ,S (e.g. G*mff^ y ^q, and_4'=i^. Sea 
how S' m related to the (U)=inve_rse of 5 md 
the (n)-inverse of 

C. Make an (n)-inverse table and 
a Qj )-inverae table. 

D. In the statement of properties, when can 
U be exchanged for and n exchanged for U? 

Properties of Counting Numbei^ 
with Opmtions GCF and LCM 

For this mathematiMl system, the set of ob- 
jects is the set of counting numbers. If a 
and are in AT, then let ^ *d m GCF(ab) and 
a#b ^ lUCM(a,by 

Consider the followingr 15*18 ^ 3 and 6#10 
^ 30* Here, 3 is the neatest conMnon factor 
of 15 and 18, and 30 is the least common multi^ 
pie of 6 and 10, Tlius, (N*) and (N,#) are 
mathematical systems. 

OBJECTI^: To demonsirate which proper^ 
ties holi do not hold, and do not appfy to the 
^siems (HV. (H*), and (H%#)- 



A, Check all properties for the s^tems (M*) 



Probability and 

Statistics 



Probabilify theo^ is a rational approach for 
exacting reasonable Inforaation about uncer- 
tdn events. Statistics is the application of prob- 
abm^ methods to numerical data. 



Sample Spaees and Probability 

DEro^ON 1: In an experiment, the set of 
aD possible outcomes is called a sample space. 

For ^Eampl^ if a penny is tossed twice, the 
sample space, consisting of heads and tails, 
^uld bei 

mffh mn, and {zt} 

Here, {H,T} is not the same as {T,H}. Also, 
if two pennies in a box are tossed on a table, 
the sample ipace would be: 



,and iZT} 



DEmOTnON 2: A particular p-oup of out- 
comes from an experiment is c^ed an Bvmt 
A pFobablli^y is a number assodated \rfth the 
events. It is defined for each event 04) as- 

P(A) = # of favorable cases 
total # of distinct events 



If a penny is tossed t^ce, what is the prob» 
of gettmg a head on the second throw 
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(Event A)7 Looking it our sampl^^ spAc©, ^ 
see that the fayonW cases are -^^^ 
{T^H} and that the total number of ^sti^^ 
events is four* Thereforg: 

^04) - J ^ J 



what 'would be the sample spaee for this experi' 
mentis 

List the event, coimistLag of aU outcomei, 
whe^ the day drawn wUl start mth the letter T, 

^f^^^t is the probability of dra^ng a day that 
starts- wth 77 



If we toss a coi^ ills gquaUy Ukel^^ thrt it vri^ 
land on its head or oo its tail. In t^ia CM^ of 9 
die, there aie six equilly likely out^»3fliff^, 
also know that if one outcome C3ccii*i^ jh^ 
others cannot ocaur, aad tberef^rflB^ tb^y 
mutually exclusive, 

OBJECTIVES: to determine mhe ^m^ffl^ 
space of possibie autmm for- a g^^^n r^tci'^n^ 
€3^eriment and comtiiiing sampig^^ac^f oft^ 
to determtne the pftikWi^ of a ^v^^mn ^grki 
finite m^erimentSi and compute adds and €^0^ 
tations. 



hdhlems 



A, Use Venn dlagrains to show the oU^^)^|* 

L P (4 or J) ^F[k)'¥PiB% 
where and B are aylually e?£clusiv^s, 

2. P(4qtB) ^PU)^P(ByP(M mdsx 
in all cases. 

3. P(AmdB) ^P{A)xP(Bffls^em^A) 

B. Use tree dlagrains to constritoct #%apl^ 
spaces and compute pfobabiUtl^* 

Q Define and study i^^etations for fi^ito 
sample spaces^ 

D. Determine how many waj^ IfcooKs ^ 
be arranged on a shelf. 

E. If you put the nainsi of the d^myB of 
week in a bo^ and drew one nam^ Bmt r^dc^^i 



MBimmurBB of CentraJ Tenddnoy 
mnmM Dispersion 

DE^IIOTION 1^ The mean (or ariihmetiG 
mean^ of a set of data is the sum of the values 
di^dded by the total number of datb points 
(don^^ec? by Ilie mode is the number that 
ippeafs most frequently in the set. The 
medimwi is the number that repreients the mid' 
pointy when the data are arranged in a natural 
order^ such as from the smallest number to the 
preat&st* 

Eac^m of th^e three is a ^e of average 
WherK- we look at infomation that is presented 
to su^^port particular \iews or condusions, we 
shoul^l understand what of average is 
being xisedj so that we can decide for ourselvea 
if the average distorts the information. 

Giv^a the data set {6, 7, 8, 9, 10, 1% 15, 20, 
28}, tKie mean is 13^ the mode is IS, and the 
inediax& is 11. The mode is the only value that 
is acti^^ly a number in our data set. In general^ 
the mean and the median are rarely numbers in 
the s^^ while the mode always is. Sometimes, 
there no mode at aU! 

DEFIDOTION 2i The range and the stands 
ard deviation are sin^e numbers that tell us 
ibout the dispersion or variance in our data 
mU 'Sliese numbers help us determine how 
weU tbe mean, mode, or media describe the set^ 

Hie range is the difference between the 
largest and the smallest number in the set. 

The standard deviation, however, is defined 
by the fomula: 



wlmere ^ Is the mean of {xi, %2. , - %n} 
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The variance is dififled m\ 
I-l 

(Dbcuss aUo^ Bifloiniil dbWbutiDn^ the cor- 
relation coeffidefttj ifld the Mrnaal f— ii^^ 
diitributiotiO 



By re\iewng foniial matbematieal ikills vrfth 
geometric appUeations and by encouraging in» 
tultive responses to those relationships^ we can 
better understand how the formal and intuitive 
approaches complemant each othan 

For this pu^osep we wdU ronsider points and 
figures in the ^-plan^ veas of lattice 
polygons^ Une segments^ dassl^dng quad- 
rilaterab, and traosfomiatfoQs. 



OBJECTimS: 7ok abk to fyflns ^nd cam^ 
piite the fatlawing: the mgan, grt^de, and 
median for a smt cJMg, mta h) Vte standard 
deviation for a S€i oJMq, 




A. Find the tnetHj mgdifms mod^j •variancej 
range, and itafidard deviaLioa for t^^a of the 
folloi^ng groups of dala: 

1. [10, 50, 30, 10,M, 10] 

B. If IjOOO Students look a standardised tea^ 
and their scores approrimated a nom^al cun^e 
^th a mean of WO afldl standard davBation of 
.75, how many scored tctween 600 m6 '^507 



Points and Figures In tht^^Plane 

DEFINrnON 1| When an ordered pair of 
numbers is ^ven, the first number refars to the 
jf-coordinate and thft second to the 3?-coor- 
dlnate^ 

In Figure 1, note the location of ^ and Bi i£A 
^ (rB^ and B = On the jr-axiSi values 

to the left of the y-Mds i^e miniis and to the 
ri^t of it are plus. On the)^>ms, values above 
the jr-axis are plus and below it are minus. 




Rgur© 1: Plsttlng Coofdinates. 



Plane Coordinats 
Gecinetry 

Plane geometiy is (to formal and Intuitive 
study of figures on a plane. 

We can study geoael^ fomially by perform- 
ing mathematics compytationi and by Bnaking 
logical deductioris. mm also develop an in» 
tuitive understajading ol the felation^haps be- 
tween various Seome.tf ie objecte. 



DEFINITION 2- Given two points in the Jty- 
plane (a,b} and (c,d% tben the distance be- 
tween the two points may be ej^ressed as: 

\/(c^a)^+ (d^b)^ 



DEFINmON 3- If ^ and B are points in the 
^-plane, then AB ^ BA denotes^ the line seg- 
ment vAth endpoints A and Similarly, 
ABCD is a poI)^on^ consisting of line segments 
AB, BC, and CD. 
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OBJECTIVES! L Given Ote coordinates of 
two pointSi ^^ressed as an ordered pair of num- 
bers, find: a) the locations of the points on the 
w^plane and h) the distance between the points; 
and Z Given the notation for a plane fiffire, 
dwv it on a coordinate system. 



Problems 



A. Use graph pEper to recreate the coor- 
dmates shown in Figure 1, then plot the follow- 
ing points: (13) Pr^ (-7,^ (0,^) (^3,1) 
(1,-3) and (2,0). 

B. Find the distance bi^tween the following 
pairs of poinU: (-M) (-3^2); (4,3) (6,3); 
(1,3) (2,^); (»%^2) (»3,1); and (0,4) (2,0). 

C. Let ^ - (1,5), B-(2,^, C^(rlr2% d 
£^^(-3,1). Draw the foUowing figureSj each on 
its own coordinate system- AB^ ABCD^ ACBD^ 
ABDA. 



Areas of Lattice Polygons 

DEFlNrnONS- A lattice point is a point in 
the ;^»plane with integer coordinates. A lattice 
polygon is a simple, closed polygon v^th all of 
its vertiees at lattice points. A simple dosed 
polygon is a polygon that forms a loop ^thout 
having its sides intellect. 

Assume that i is the number of points in the 
interior of a lattice polygon, and b m the num- 
ber of points on the boimdary of that polygon, 
the area may be e?^ressed in the foFmula: 

area ^ i + bl2 - 1 

In Figure 2, if i ^ 12, and d ^ 8, the area of 
the polygon — 15. 



OBJECTIVES: To appfy the area fonnula to 
any lattice po^on, and to understand why the 
formula is mie. 




Rgure S: Areas of Fol^oni 



Problems 



A, For each of the following lattice polygons, 
draw it on graph paper and find its area: 

1. (2,2) (6,4) (7,1) (9.6) (2,6) (2,2); 

2. (1.2) (2,6) (6,5) (5,1) (1,2); 

3. (1,1) (2,1) (2,3) (3.2) (4.3) (5,5)... 
(4,5) (3,4) (2,5) (1,5) (1,1); 

4. (1,0) (7,1) (6.4) (8,4) (5,5) (5,4)... 
(1,5) (0,1) (3,2) (1.0) 

i 

B* Approrimate ir iising lattice polygons. 

Find the areas of some rectangles^ using 
the formula. Tiy to see why the formula works* 

Ne^rt, see why the fonnula works for two rec- 
tan^es that are put together. 

Finally, do the same for triangles. 

Una Segmtnti 

DEmNmON 1: A line se^ent is vertical if 
its jf^coordinates are equal, and it is horizontal 
if its)?- coordinates are equal. 

For example, the line segment (53) (1,3) is 
horizontal^ and the line se^ent (6,0 (6,8) is 
verticaL Likewise, assume that P ^ ia,b ) and 
Q ^(Cfd ) as points in the j^-plane. The seg- 
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ment PQ m vertical if a ^ and U is horkoa- 
talifd^d. 

DEFINITION 2i The midpoint of a Une seg- 
ment can be identified by its x and y cror- 
dinates. Th^ j^-coordinate of the midpoint is 
the mean of the jr<oordlnates of the endpoints, 
and the >^-coordinate of the midpoint is the 
mean of they^oordinates of the endpolnts. 

For ^camplej the midpoint of (=2,6) (8,2) is 
(3,4). Likewise, the midpoint of PQ m the 
point (a + c)/2, (p-hd)/2). 

DEnNTnON 3: The slope is the quotient of 
the di^erence between the ^-coordinates and 
the .^-coordinates* 

For example, the slope of (-2,6) (8,2) is (6- 
2)/(=2^8) ^ 2/5. Likewise, the slope PQ is the 
number (a»c)/(b-d) ^ (c-a)/(d-b). 

Vertical line segments have no slopes. Why? 
The slope of a horizontal Une segment b also 
zero. Why?) 

Two line sepnents are parallel if they have 
the same slope. Also, all vertical line se^ents 
are paralleL 

Two line sepnents are perpendicular if the 
product of their slopes is -1. AlsOj all vertical 
line segments are perpendicular to all horizon- 
tal line sepnents. Geometricallyj two line seg- 
ments are perpendicular if the two lines deter- 
miend by the line segments intersect at rig^t 
angles. For example, (2,2) (Sfi) is paraJlel to 
(0^1) (1,0), and (2,2) (5,5) is peipendicular to 
(0,1) (1,0). 

OBJECTIVl£S: To determine if a line seffnent 
is vertical or hamontai, to find its midpoint and 
siopef and to determine if two ^ven Une seg- 
mmts are parallel or pefpendiaular. 



Problems 

A* Determine if the foUo^ng line segments 
are vertical, horizontal, or neither: 

(5,-2) (4,^2); (-1,0) (0,-1); and (3,3) (3,7) 



B. Find the midpoinJ and slope of the follow- 
ing Une se^ients^ 

(-2,5) (6ri); (3,3) (3,7); (5,-3)(5,4); 
and (4,4) (-4,-4). 

C. For each of the following pairs of Une seg- 
ments, determine if they are parallel, perpen- 
diciJar, or neither: 

1. (-2,-2) (0,-1) and (1,^ (5,4); 

2. (^,6 (0,-6) and (-3,5) (OJ); and 

3. (-4,-1) (2,1) and (-3,2) (-2,^2). 

CiasslflQatlori of Quadrilaterals 

DEFINmONS: A quadrilateral is a closed 
plane Hgure with four sides. 

It is a square if its sides are equal and all its 
an^es are ri^t angles. It is a rectangle if all 
its an^es are right angles. It is a rhombus if 
all its sid&s are equ^. It is a parallelogram if 
its opposite sides are parallel to each other. It 
is a trapezoid if it has two sides that are paral- 
lel. 

OBJECTn^S: To htow the definitions for 
each class of quadniaterai and to be able to 
prove that a ffven quadrilateral belongs to one of 
the classes. 



Problem 



Draw quadrilaterals using the vertices beloWj 
decide to which dass it belong, and prove for- 
mally that it belongs to that classi 

1. (1,2) (.1,=3) (4,-5) (6,0) 

2. (7,1) (4,7) (1,1) (4..5) 

3. (8,7) (7,10) (3,2) (4,^1) 

4. (7,-1) (6,3) (-2.1) (-1,-3) 
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Traniformatlons 

DEFlNmONS^ A transformation moves a 
plane figure to a new location. Some of the 
ways m which the figiire can assume lew posU 
tions are by rotatlonp reflection, a horizontal 
shiftj or a vertical shift. 

Rotation is denoted as RO. If a figure (c^b) 
h rotated 90 de^ees about (0,0), also kno^ as 
the origin^ it becomes f£i,-s). It would be writ= 
ten RO(a,b) ^ (fc-fl). Similarly, in reflection 
across the ^-asds, ^ (^-6), and in 

reflection across the y-ajds, YR(a,b) ~ (-a,b). 
In a horizontal shift, if a figure is moved by 
five units, then HSS(a,b) ^ (a^%b). Making 
a V€FtIcal shift of 3 units, VS3(^£i) - (fl^fr + 3). 

To apply a transformation to a plane figure, 
apply the transformation to each of its vertices. 
For example, if A, B, and C are points, then 
XR applied to ABC is denoted by SR(^BC) 
and is equal to ^(4) KR(b) ^{C). 

Therefore, If A^ (4,1), B - (5,3), and 
C^(6,2), than XR(^C) (4,^1) (5,^3) (6,-2). 

OBJECmmS: To determine, both fomtaify 
and intuitivefy, what happens to a flgure during 
each type of Owtsfomiatfon, and to discover 
which sequences of transformations are 
equivalent to other truttsfomiatiom. 



Problems 



A. Let ^-(2,0), 5- (3,1)* and C-(3,»2). 
Apply each of the transformations to^BC, and 
see what happens. 

Given any plane figure, can you predict what 
will happen when one of the transformations is 
applied? 

B. Find the transformations that must be ap- 
plied to (0,0) (1,1) (1,-2) in order to get: 

1. ^1,1) (0,1) (0,2); 

2. (2,0) (1,1) (1,^2); 

3. (1,5) (0,4) (3,4). 



a Let ^-(2,0), B = (3pl), and C-(3r2). 
Convince yourself that RO(RO04)) ^ HS- 
4(^) and VS3(RO(HS-3(XSC))) - RO04BC). 

4. Consider two plane figures. For each 
figure, find two sequences of transformations 
that have the same effect on the figureSp 
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Teaching the Language 
of Mathematics 



Mu'minahM. Saleem 



Mathematics is a way of tMnking about num- 
bers. It has its own "language'* which enables 
us to describe the processes we iise to perfonn 
calculations and es^ress relationships between 
numbers. 

Whm students rush to solve problems in 
mathematics^ without clearly understanding the 
linkage between language and process, they are 
likely to make mistakes and get incorrect 
answers. Sometimes they also say, "I know how 
I got it.'' Yet, they cannot accurately e^lain 
how they got the answer or why it is correct* 

Many of the errors children make occur when 
numerals are given incoirect place values^ even 
when the correct mechanic are used to add, 
subtract^ multiply^ and di^dde. To help them 
avoid these pitfalls, teachers should stress the 
importance of place value. In addition, 
teachers can develop creative word problems 
for manipulatives to reinforce these concepts* 



Face, Place and 
Total Value 



One of the basic concepts in which children 
should be drilled is the relationship between a 
numeral's face value, place value, and total 
value* The rule can be recited as* 

Face times place equais total value „ 



For example, in the number 459, mowig from 
right to leftj the face of the underlined digit is 
nine, the place is the ones' place, and the total 
value is nine* Tim face of the next digit is five, 
it is in the tens' place, and the total value is 
fifty* The third digit has four as its face value, 
it is in the one hundreds' plac«, and the total 
value is four hundred. 

The discipline of reco^iMng the face, place, 
and total value of a dipt extends to all mathe- 
matical operations and helps eliminate the pos- 
sibility for error* Some of these operations in- 
clude determining numbers that are ^eater 
than another or perfornung expanded notation, 
finding the sum of the products, using ex- 
p^ded notation, regrouping in subtraction, 
rounding to the nearest whole number, multi- 
plication, quotients, and decimals. 

GREATOR THAN* The process of learning 
about place value bepns in kindergarten, 
where children can be tau^t that the number 
12 may be stated as one ten and two ones* It is 
this language that helps establish the order in 
siting numerals. Children later will have no 
difficulty identifying whether one number is 
P^eater than another number. They will know 
that 35 is not greater than 53 because three 
tens are less than five tens* 

EXPANDED NOTAnON* Writing in ex^ 
panded notation, they %ill find that 
60 + (4 + 700) is not 674 It is six tens, plus four 
ones, plus seven hundreds, or 764. And the 
value of the underlined di^t in the number 637 
is not three but thirty* Teachers should remind 
students to read the numerals from the greatest 
to the least numerical value, regardless of the 
order in which they are ^ouped, because 
(4 + 700) + 60 is still 764, 
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SUM OF THE PRODUCTS. Findiiig the 
sum of the products can become a manageable 
task. Children using the correct language can 
see that (SxlTOO) + (2x100) + (8x10) + (4x1) is in 
fact the number 5284. 

Teachers can reinforce the concept of place 
value by saving, "Five in tie one-thousands' 
placCi two in the one-hundreds* place, ei^t in 
the tens' place, and four in the ones' place," 
NOTE: it is important to refer to the "one 
thousands" place, not just "the thousands," be- 
cause there is also a place for the "ten 
thousands" and another for the "oue hundred 
thousands." 



EXPONENTIAL NOTATION. Similarly, with 
exponential notation^ the discipline of the Im- 
guage is again significant. Using the nimiber 
10 as the base number, show that 10 times 10 
equals ITO. Then 100 equals two factors of 10, 
which can be e?^ressed as 10^* Tim notation is 
called "10, e^qponent 2" or "the second power of 
10," not "10 to the second power" as children 
are frequently tau^t in school. Also, 10^ 
equals (lOxlfelO) or 1,000, and so on. 

Therefore, when a child is pven the notadon^ 
(3x104) + (Sxl03) + (4xira) + (3x101) + (fttlOO), 
he or she can readily determine that iie num- 
ber is 38,439. 

REGROUPING. Another area of difficulty is 
recouping in subtraction. Consider the follow- 
ing problem: 

85 

-J 

Children are usually taught to "borrow one 
from the ei^t" and "add it to the five" in order 
to subtract seven from 15, This is incorreei, 
and the fault lies in careless use of the lan= 
guage of mathematics. 

It is more precise to say, "Take one ten from 
the eight tens, which leaves ^"^^en tens. Change 
the one ten back to 10 ones. Add the 10 ones 
to the five ones to get 15 ones* Now subtract 
seven ones from 15 ones," 



Now consider the following problem: 

7 9 9 10 

8,C«0 becomes 8,'*€t^0 

- 7 ^ 7 

7.993 7,993 

The child should say, "I cannot subtract seven 
oaes from zero on^, so I must go over to the 
ei^t thousand." (It is not sufficient to say "to 
the thousands.") 

l^en continue* "I take 1,0OT and change it 
back to 10 hundreds. I add 10 hundreds to my 
zero hundreds, and now I have 10 hundreds. 

"Since I stiU do not have enou^ ones, I take 
one hundred, and that leaves me vdth nine 
hundreds. The one hundred I took I must 
change back to 10 tens. I add 10 tens to my 
zero tens, and now I have 10 t?ns. 

"I sfill do not have enou^ ones, so I take one 
ten from the 10 tens, and that leaves me with 
nine tens. The one ten I took I must change 
back to 10 ones. I add 10 ones to my zero 
ones, and now I have 10 ones. Now I can sub- 
tract the seven ones, leaving three ones. 

"Finally, subtract zero tens from nine tens, 
leaving nine tens. Subtract zero himdreds from 
nine hundred, lea\dng nine hundred. Subtract 
zero thousands from seven thousand, leaving 
seven thousand. The answer is seven thousaiid, 
nine hundred, and ninefy-three." 

ROUNDING, Teachers can take the mystery 
out of roimding to the nearest whole number 
by insisting on correct language usage. For ex- 
ample, if the problem is to round the number 
395 to the nearest tens, ask the following ques- 
tion; "Is 395 closer to 300 or 400?" Show the 
number 395 and stress the following approach: 

TThe least number of tens is nine; the ^eatest 
number of tens is 39; the number that tells 39 
tens what to do is the fi^^ in the ones' place; 
and the five in the ones' place sap, 'Take 39 
tens up to 40 tens.' Now, forty tens equal 400. 
Therefore, 395 Is closer to 400 than to 300," 

Similarly, rounding 1428 to the nearest 
hundred requires the following logic. Ask the 
question, "Is 1428 doser to 14D0 or 1500?" 
Show the number 1428 and stress the same ap- 
proach as abovei 
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The least number of himdreds is four; the 
neatest number of hundreds is 14; the number 
that tells 14 hundred what to do is the two in 
the tens' place; and the two in the tens* place 
saysj -l^ave the 14 hundred unchanged,' The 
number 1428i therefore, is clcr^er to 1400 than 
to 1500." 

MULTIPLICATION. Place value is critieal 
also in multiplication. Consider the following 
problem! 

63 becomes -63 
x__4 X 4 

252 ^2 

A child who ^ays, "Four ones times three ones 
equals 12 ones^ is being precise. Twelve ones 
can be recouped as one ten and two ones. 
Read and write the hi^er order for one ten, 
then say and write, *Two ones.** 

Then continue^ "Four ones times six tens 
equals 24 tens, and 24 tens plus the one ten 
from the previous multiplicadon equals 25 
tees." Twenty-five tens can also be expressed 
aSs "Two hundreds and five lens." Write and 
say the hi^er order first, stresiing the place 
value. Finish by saj^^ "Therefore/ the '^rrect 
answer is two hundred and fifty-two." 

QUOnENTO. Naming quotients is another 
subject that is facilitated by maintaining the 
place value of numerals. For examples to 
divide 3J56 by 12^ say, "How many times is 12 
contained in 37 hundred?" The answer is 300 
times. E^epress the product of STO x 12 (the 
quotient times the divisor) in the fiill place 
value of the dividend (the 37 hundreds being 
divided), as follows: 



313 instead of: 313 
12)3756 12)37^ 

36QQ M 

156 15 

m 12 

36 36 

36 M 
0 0 



Say, "Multiplying 12 times three hundred 
equals 36 hundred. Subtracting 36 hundred 
fi"Om 37 hundred, five tens and six ones leaves 
15 tens and six ones." 

Then, "Multipl}dng 12 times one ten equals 12 
tens. Subtracting 12 tens from 15 tens and six 
ones leaves 36 ones. 

Finally, "MulUplymg 12 times three ones 
equals 36 oneSj and subtracting 36 ones from 
36 ones leaves zero." 

DECIMALS. Con^sion can occur with 
decimals, too. Many people forget that the 
only fimctlon of the decimal point is to iocate 
the one-s place in the whole number. 

One place (or "the first place") to the left of 
the ones* place is called the tens' place; one 
place to the ri^t of the ones* place is the 
tenths' place. 

The digit that is two places to the left of the 
ones' place is in the one hundreds' place; two 
places to the right is the one hundredths' place. 

Three places to the left of the ones is named 
the one thousands' place, while three places to 
the right of the ones b the one thousandths' 
place. 

Four places to the left of the ones' place is 
the ten thousands' place; four places to the 
ri^t of the ones' place is the ten thousandths' 
place, and so on. 

How would a teacher explain why .25 stands 
for twanty=five hundredths? The answer re- 
quires the use of place values: 

First, note that the total value of the numeral 
2 is two tenthsi and the total value of the 
numeral 5 is five hundredths. 

Also remember that the tenths must be 
renamed as hundredths so that like 
denominators can be added together. Thus: 

X 10 ^ twenty hundredths 
10 10 

Then add the twenty hundredths to the five 
hundredths to get twenty-five hundredths: 

M ^ ^ ^ M 
100 100 100 
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Word Problems for 
Manipulatives 



Teachers can develop their own manipula^ 
tiveSj using word problems that are fim for 
younger children. If these problems are writ- 
ten on flash cards, a child can turn the paper 
over and discover the^ corrert answer* The 
manipulatives then become self-checking tests^ 
and child can get a l>onus for each one 
answered correctly. Some of these word 
problems are: 

/ ieii you to add, I dan i make a fiiss, I look 
like a t Pm a sign you can tmsL Wto am I? 
(A plus sign) 

rm a stick with two round ^es. Use me for 
ten ten tries. Wto am I? (Th. number 100) 

/ iook like a V, I point to the right. The num- 
ber to the left has all the might. Who am I? 
(The "^eater than" si^) 

More advanced students might prefer 
problems like these: 

/ am thinldng of a pair of numbers whose sum 
is lOi whose difference is 6, whose product is i4 
and whose quotient is 4 Wtat are th^l (Ei^t 
and two) 

/ am thinldng of a pair of numben, the sum of 
which is 16f the difference is zerOf the product is 
64, and the quotient is L Wtat are th^? (Ei^t 
and ei^t) 

Prodding children mth the tools they need 
gives them confidence in the accural of their 
work. This is the first step in motivating them 
to like mathematics and to work quic^y and a& 
curately when taking tests. 

These positive feeUnp then can be reinforced 
by incentives, su^ as rubber stamps with 
words Uke '^Fantastic'' or "Rl^t On, Superstar" 



which the teacher can put on worksheets or as* 
sessment tcti^ties when children demonstrate 
ac^ptable performance. 

Children suould also see that the teacher likes 
to take tests b^c^use they are a challenge and 
fun. In factj a good motto for teachers is: 

. f t i^.ke the tests ffven to studentSf 
and we lead by performance- 

The ^int in stressing place value and creat- 
ing word problem manipulatives is this. It is im- 
portant that children learn how to reasoni 
rather than get an answer by merciy guessing. 
Equally as important, however, children should 
learn how to ercplain the processes they use to 
someone else, for the ^eatest knowledge ac- 
quired is that which we can share with others. 
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Early African Mathematics 
for the Classroom 



Walter M. Young 

One way to msplre African-American youth 
to leam mathematics is to introduce them to 
the many accomplishments Africans have made 
to mathematics. We can show them that 
African Influences may be seen today in our 
nimieration system, calculation techniques^ net- 
work theory, mathematics games, number pat- 
terns, games of chancre, and architecture. 

Many Greek philosophers and mathe- 
maticians studied in Africa, where Black 
Afncans were an inte^al part of all hi^^t 
levels of civilization, from the workers to the 
planners and the pharoahs. 

Thales visited Egipt in the 6th Centu^ B,C 
and studied with the Egyptian priests before he 
introduced geometry into Greece. Pythagoras, 
on the advice of his teacheTj Thales, also \dsiteiJ 
Egpt and Babylon and was initiated by priests 
there into their "mysteries," The learning they 
acquired on the banks of the Nile was incor- 
porated by them and others into Western 
thou^tj enabling the Greeks to bepu a new 
era of intellectual energy and activity, 

Eurocentric mathematicians frequently limit 
the study of mathematics to the study of 
abstract structuresj mathematics as science, 
and mathematics for the sake of mathematics. 
However, there is evidence that this approach 
has led to the denial of African contributions 
and to pedago^cal techniques that may be 
alienating many young people from studying 
mathematics and from pursuing mathemati^- 
related careers. 

The African approa^ to mathematics, 
however, is rooted in practi^ problems of 
society and in reli^ous rituals. By using histori- 



cal works as back^ound material, students can 
l&Bin the methods of counting and enjoy mathe- 
matical ^mes that were created by Africans 
long ajo. Following are some of the ancient 
mathematical ^^rienc^es that you can use to 
challenge young people in your classrooms. 



Egyptian Numerals 
in Hieroglyphics 

^^en you introduce your students to E^^- 
tian hier^yphic symbols and have them ex- 
press Hindu-Arabic numerals as Egyptian 
numerals and vice vemSj they wilTbe able. to ap- 
preciate the economy of the Hindu=Arabic 
numeration systeni and understand the con- 
tributions made to it by ihe E©ptian numera- 
tion sj^tem. The material that follows is in- 
tended to be used in conjunction ynth the book 
Africa Counts: Number and Pattern in African 
Culture, by Claudia Zaslaiilg? (Lawrence HiU 
& Company, WTS) and similar reference books. 

Learning the Symbols 

Some of the symbols us6d in E^ptian 
hiero^^phics are shown below: 



1 


1 


1,000 


£ 


10 


n 


10,000 


r 


100 


B 


100,000 
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To represent ^ as an Egptian numeral, you 
would wite: 

nnnnimwii 

To represent 3*451, wite: 



Activities 



Perform the operationa indicated below, but 
and note that the conaplesd^ of ?he problems 
you demonstrate will depend on the pade level 
of the student: 

Additions 

Ismomw 1323 

iT9e)»iii , 

Subtraction* 

B99nnn\l\ . 333 
93mn\Ui 234 



(4^ - 145 ^ 278) 

^TTl 'MM t-r\ T 



Caiculating by 
Duplatlon and 
Mediation 

Multiplication and division were based on the 
prindpl^ of duplatlon (doubling) or media* 
tion (halving), as well as the fact that all num- 
bers may be e?^ressed as a sum of the powers 
of two. 

You mn present the algorithms, or step-by- 
step procedures to your students by starting 
with sin^e-digjt multiplication and di^dsion. 
Then work with double di^ts and extend the 
exercise to include additional powers of two. 
Later, ask your students to perform aU calcula- 
tions using H^ptian numerals. 

You should point out also that the process of 
duplation and mediation today is utilized by 
hi^-speed electronic calculating machines^ 



Ragrouplng in Subtraotlon 

In the Oripnal: 
(4^ minus 145) 

9S5Snn III 

Snnnnii/i/ 



Duplation 

Duplation can be used for both multiplication 
and division. 

MulttpUcatlon 

To multiply 13 by 24, using duplation, make a 
table with two columns, one column headed by 
the number 1 and the other by 24* 
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Double the value m each column and place 
an asterisk bajide each number m the first 
column required to make 13. Find the sum of 
the corresponding numbers in the second 
column, as foUowi: 



*1 
2 
♦4 
*8 

16 



24 
48 
96 
192 

384 



Since 1 + 4 + 8 ^ 13, the sum of the mr- 
responding numbers (24 + 96 + 1^) ^ 312. 



Division 

To divide 972 by 36^ using duplation, use suc- 
cessive subtraction. Firsts make two columnsj 
as shown previoiisly: 



1 
2 
4 

8 
16 

32 



36 

72 
144 
2m 
576 
1152 



The find the number in column two that is 
closest to but smaller than 972, and then sub- 
tract it from 972. Continue taking each new 
totwl and perfoming successive subtractions 
until the final difference is zero. Identify the 
corresponding values in column one, and find 
their sunij as follows: 

Sum of the 
Subtrsctton Carres pon dine Vaiuss 

972-576 - 396 16 

396-2^ ^108 8 

108- 72 ^ 36 2 

36-36 ^0 J 

Tiereforei the quotient is 27 



MulHpUcaHon 

To multiply 13 by 24, using mediation, also 
make a table with two columns, but this time 
one is headed by 13 and the other by 24. 

Halve the succe^ive values in the column 
headed by 13j disregarding remainderSj and 
double the successive ^ues in the column 
headed by 24. 

Hnd the sum of each number in column two 
aModated with an odd number in column one. 



►13 
6 
*3 
* 1 



24 
48 
96 



Thm, 13 X 24 ^ 24 + 96 + 192 ^ 312 



Di^nsion 

The process of division is similar to multiplica- 
tion. AgaiUj make a table ^th two columns, 
one headed by 1 and the other by the divisor. 
Double successive values in both columns until 
the column headed by the divisor is greater 
than or equal to the ai\idend. 

Identify the values m the second column 
which, when added together, equal the value of 
the dividend, ^en find the sum of the cot- 
responding ^ues in the first column. 



The Yoruba System 
of Numeration 



Mtdlation 

Mediation also cm be used for both multi- 
plication and division. 



The ancient Yoruba people, from the area 
now known as southern Nigeria, developed a 
^y to add and multiply from a base of 20, 
Each number had a distinct name, which was 
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expressed as a word in the Yoruba language. 
They did not use symbols like those used in 
Hg^tian hier^jphics. 

They used the numbers 1 to 10, as well as 20, 
30, 2Mj and AH other numbers were 

derived as compounds or multiples of these 
named numbers. 

For ej^mpie, 11 ^ 10 + 1, 
Likewise,45^ (20x3)-10-5 



Actmties 



Explain the logical structure of the Yoruba 
^tem of numeration^ and ask your students to 
esqpress numerals between 1 and 200, then up 
to one milUon. 



Even Multiples of 10 



Numbers that are even multiples of 10, up to 
200, were formed by e?^ressing them as multi- 
ples of 20: 



20 ^ A distinct term 
40 ^ 20x2 
60 ^ 20x3 
m ^ 20x4 
100 ^ 20x5 



Odd MuHlplas of io 



120 ^ 20x6 
140 ^ 20x7 
160 ^ 20x8 
180 ^ 20x9 
200 ^ A distinct term 



Numbers that are odd multiples of 20 were 
formed by subtracting 10 from the even multi- 
pies of 20j ^cept in the case of 30, which had 
its own distinct name. 



30 = A distinct term 
50 ^ (20 X 3) - 10 
70 ^ (20 x 4) - 10 
90 ^ (20x^-10 
110 ^ (20 X 6) - 10 



MuKiplas of 200 



130 ^ (20x^-10 
150 ^ (20x8) - 10 
170 ^ (20x9)- 10 
190 ^ 200 - 10 
200 ^ A distinct tern 



Nraibers from 200 up to 2000 were formed as 
multiples of 200j except for 400 (20 x 20), 
which is known as the square of all the di^ts. 
It had the distinct name of Mnwo or erinwo^ the 
"elephant of figures" or the highest coined word 
in calculadon. However, the system becomes ir- 
regular after the number 200. 



African Mathematical 

Games 



Africans have always used ^mes and ac- 
tivities from daily life to strengthen their 
teiowledge of numerals. Children learned 
about numbers and mathematii^ by uaing 
beans, ^bbles, stones and other objects, and 
v^oni acti^des such as buying and selling in 
the marketplace. Two of the most popular 
games are Kpelle and Man^a. 



Kpeila: 

The Gams of Arrangemant 

The Kpelle children of Liberia play a game in- 
vol^ing si^een stones in ^o rows of ei^t each. 
One person (the player) is sent away, and the 
othei^ choose a stone. 

Wien the player retumsj he must determine 
the stone that wm selected by the others. To 
do sOp the player asks questions that require a 
yes or no anwer, such as: 

the stone in Row 1 or Row 2T 

After the replyj the player rearranges the 
stones in the ^o row. His sequence may be 
repeated up to three more times, and the 
player must identify the stone by the fourth 
reply, 

Strat^^, The player's strategr in this game, 
after the first reply, is to rearrange eight stones 
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so that half the oripnal 16 stones are placed in 
different rows. 

Players can start by exdbanpng odd num- 
bered stones, but they can ako ex^ange stones 
with other numter relationships, iu^ as even 
numbers, prime numbers, compete numbers, 
multiples of numbers, and so on^ 

When lie player asks the question for the 
second tmie, if the stone has not moved, it 
must be one of the oripnal ei^t. TOe player 
then interchanges four stimes ^our of the 
oriffnal rfj^4 if the stone has not moved; other- 
wis^ fo'ir new ones). 

After the third reply, the player similaily inter- 
changes two stones to nairow the options even 
fiirthef. The answer ^ven the fourth time the 
question is asked determines e^^ctly which 
stone has been ^osen. 

Flaying this game enables students to apply 
ie principles of doubling and halving Identify 
number relationships, and imderstand the im» 
portance of memory training- 

Mancala: 

The Gam# of Transfafrlng 

Manc^a is played in many African countries^ 
It has different names, and rules va^ from 
place to place. However, the game is most fre- 
quently played Mth a board having two rows of 
six holes and an additional hole at eadi end, 
QTou substitute e^ cartons in your ciasS' 
room,) Four objects, such as beans or stones 
are placed in eacA of the 12 holes. 

One player takes all four objects from any 
hole on his side of the board and, moving in a 
counter-clockwise direction, drops one in each 
of the next four holes. If the last object falls m 
a hole ^eady containing objects, and if the 
number of objects satisfies a predetermined 
condition (e.g. being an odd number, a prime 
number, a number divisible by three, etc) , the 
player picks up all the objects from the hole. 

The player repeats the proceM as long as the 
condition is met* If the condition is not met, 
the nejrt player takes a jum. He game is over 
when a player captures a predetermined num^ 
bef of objects, su^ as a simple majority or any 
other number, such as 25 objects. 



Placing this game teaches one-to-one cor- 
respondence in the counting prMess, number 
relationships, numtei^ that satisfy more than 
one relationship, and order relationships. 



Weights and 
Measures 



Swrieties with ejrtensive commercial activity 
tend to ha^ standardi^d measurements. Son^ 
^ai, for example, in the late 15th century, 
a^eved a htgh level of uniformity in stand- 
ardidng weights and measures. Hey also 
relied on a network of inspectoi^ to enforce 
the standards^ 

For the most part, however, Africans relied 
on units of length ^at refeired to the human 
body. Some of these measurements include: 

Inch: He distance from the tip of the thumb 
to the knuckle. 

Cubit: Hie distance from the elbow to the 
end of the middle finger (or sb£ palms). 

Palm: The distance from the outer edge of 
the little finger to tte outer edge of the index 
finger, stretching a^oss the back of the hand. 

Span: He distance between the thumb and 
the little finger, when the hand is outstretched 
to the point of sU^t tension. 

Foot: Four palms or sixteen fingers. 

Yard: One pace. (Take a normal size step 
and measure the distance from the toes of one 
foot to the toes of the other foot. 

Fathom: The distance from the tip of the 
fingers on the left hand to the tip of the fingers 
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on the ri^t hasd, when t^th arms are out= 
stretched at the sides of the body. 



The human body also has been used to 
measure some units of capacity. In aQCfent 
Ethiopia^ for ^mmple, they used a handful and 
an araiful. Oa the other hand^ some measure- 
ments de^nded on the artide Itself. 



Activities 



Present the umts of measurement based on 
the human body, and have each student use a 
mler to measure his or her own body in inches. 

Create a wall chart, listing the children in the 
left column and the dimensions for selected 
units of meastir^ent in ^lumns across the 
chart* Then ask if there is a standard for the 
class. 

Use the chart to teach how a mean value for 
each part of the body in the ^art mn be calcu^ 
latedj md this can be used to arrive at some 
reasonable basis for standardization within the 
group. 

Older children may develop a frequent dis^ 
tributlon for the measured inche% then com- 
pute the mean^ median and m^e values for 
each frequen^ distributiQn. Tley may also be 
asked to enter the data on a computer and plot 
a p'aph to illustrate what they first derived 
from manu^ computations. 

Deterxoine a reasonable number of beans that 
could be used for standardi^ng % handful of 
beans." 

Discuss ^th the class the problems that ^n 
occur mthout standardization of wei^ts and 
measurements. Inform them that many African 
countries adopted the British Im^rial stand- 
ards in the 19th ^nturyi and show some of the 
ways in which those standards were different 
from the metric standards and from the stands 
ards used in the U.S A* 
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